For small indenters (e.g. radii on the order of 10 µm), the maximum allowable geometrically necessary dislocation (GND) density is introduced to cap the GND density such that the latter does not become unrealistically high for small indenters. The present nano-indentation model agrees well with the indentation hardness data of iridium for both nano-and micro-indentation.
Introduction
Spherical indenters have recently been used to study the indentation size effect (e.g. Tymiak et al (2001) and Swadener et al (2001 Swadener et al ( , 2002 ). The measured indentation hardness depends not only on the indentation depth (or equivalently the contact radius) but also on the indenter radius. Swadener et al (2002) used five spherical tips to measure the indentation size effect with various radii, namely a diamond tip with a 14 µm radius of curvature, three sapphire tips with 69, 122 and 318 µm radii and a 1600 µm radius steel ball. As shown in figure 1, the indentation hardness H at a fixed ratio of a/R increases as the indenter radius R decreases (Swadener et al 2002) . Here a is the contact radius and R is the indenter radius as illustrated in the inset of figure 1. The indentation depth is denoted by h (figure 1).
The indentation size effects have been attributed to geometrically necessary dislocations (GND) associated with nonuniform plastic deformation in small volumes (e.g. Nye (1953) , Ashby (1970) and Gao and Huang (2003) ). Recently Qu et al (2006) calculated the GND density underneath a spherical indenter and predicted the spherical indentation hardness via the Taylor dislocation model (Taylor 1934 (Taylor , 1938 and the Tabor relation (Tabor 1951) . They obtained analytically the spherical indentation hardness H in terms of the contact radius a Figure 1 . The indentation hardness of iridium versus the radius ratio a/R for spherical indenters with different radii (R = 14 µm, •; R = 69 µm, •; R = 122 µm, ; R = 318 µm, ; R = 1600 µm, ) (Swadener et al 2002) , where a is the contact radius and R is the indenter radius as illustrated in the inset. and indenter radius R. As shown in figure 2, the analytical solution agrees very well with the spherical indentation data of iridium (Swadener et al 2002) for all indenter tip radii except for the smallest indenter R = 14 µm. A careful examination of Swadener et al 's (2002) indentation hardness data shows that the indentation depth h for the smallest indenter R = 14 µm is on the order of 100 nm, i.e. nano-indentation, while the indentation depth for larger indenters (R = 69, 122, 318 and 1600 µm) is in the micro-indentation range.
In general, nano-and micro-indentation may display different behaviours. For sharp, conical indenters, the GND density underneath the indenter is ρ G = (3 tan 2 θ 0 /2bh) (Nix and Gao 1998) , where h is the indentation depth, b is the (length of) Burgers vector and θ 0 is the angle between the conical indenter and surface of indented material. The above relation, together with the Taylor dislocation model (Taylor 1934 (Taylor , 1938 and Tabor relation (Tabor 1951) , gives the micro-indentation hardness
where h * is a constant length (on the order of micrometres) which depends on materials and the angle θ 0 and H 0 is the classical indentation hardness for h h * . This indentation hardness agrees well with the micro-indentation hardness data for sharp, conical indenters (e.g. Ma and Clarke (1995) and McElhaney et al (1998) ), but it significantly overestimates the nano-indentation hardness (e.g. Lim and Chaudhri (1999) , Liu and Ngan (2001) , Swadener et al (2002) , Elmustafa and Stone 2003 , Elmustafa et al (2004a , 2004b , Feng and Nix (2004) , Durst et al (2005) and Kim et al (2005) ). This is because, for small indentation depth h as in nano-indentation, the GND density given above becomes high, which leads to overestimation of nano-indentation hardness. In reality, the strong repulsive force between GNDs pushes them apart when they get close such that the GND density cannot be very high. Accordingly, Huang et al (2006) introduced a maximum allowable GND density ρ max G to cap the GND density such that the latter does not become unrealistically high in nano-indentation. Based on ρ max G they developed a nano-indentation model for sharp, conical indenters which agree well with the nano-indentation hardness data.
The objective of this paper is to develop a nano-indentation model for spherical indenters. We extend Qu et al 's (2006) micro-indentation analysis for spherical indenters to nanoindentation. The maximum allowable GND density ρ max G is also introduced to cap the GND density such that the latter does not become unrealistically high for small indenters. The analysis is based on the Taylor dislocation model (Taylor 1934 (Taylor , 1938 , which is summarized in section 2. The nano-indentation model for spherical indenters is shown in section 3. The results are compared with Swadener et al 's (2002) experimental data in section 4.
Taylor dislocation model
The Taylor dislocation model is the basis of mechanism-based strain gradient plasticity theories (e.g. Gao et al (1999a Gao et al ( , 1999b and Huang et al (2000 Huang et al ( , 2004 . The shear flow stress τ is related to the dislocation density ρ by (Taylor 1934 , 1938 , Bailey and Hirsch 1960 
where µ is the shear modulus, b is the magnitude of Burgers vector and α is an empirical coefficient between 0.3 and 0.5 (Wiedersich 1964 , Ashby 1970 , Basinski and Basinski 1979 , Gil Sevillano 1993 , Kocks and Mecking 2003 . The dislocation density ρ is composed of the density ρ S for statistically stored dislocations (SSD), which accumulate by trapping each other in a random way (Ashby 1970) , and the density ρ G for GNDs, which are required for compatible deformation of various parts of the nonuniformly deformed material (Nye 1953 , Cottrell 1964 , Ashby 1970 , Arsenlis and Parks 1999 , Gao and Huang 2003 . The total dislocation density is the sum of these two contributions,
The GND density ρ G is proportional to the curvature of plastic deformation (Ashby 1970 , Nix and Gao 1998 , Gao and Huang 2003 . The tensile flow stress σ flow is related to the shear flow stress τ by
where M is the Taylor factor which acts as an isotropic interpretation of the crystalline anisotropy at the continuum level, and M = 3.06 for FCC metals (Bishop and Hill 1951a , 1951b , Kocks 1970 as well as for BCC metals that slip on {1 1 0} planes (Kocks 1970) . Substitution of (2.1) and (2.2) into (2.3) yields
For uniaxial tension, the flow stress can be related to the plastic strain ε p by σ flow = σ ref f (ε p ), where σ ref is a reference stress (e.g. yield stress) and f is a nondimensional function determined from the uniaxial stress-strain curve. Since the curvature of plastic deformation vanishes in uniaxial tension which gives ρ G = 0, the SSD density ρ S is determined from (2.4) as Gao 1998, Gao et al 1999b) . For nonuniform plastic deformation, the flow stress in (2.4) becomes
(2.5)
Nano-indentation with spherical indenters
The inset in figure 1 shows a schematic diagram of a spherical indenter with the indenter radius R. The contact radius of indentation is a. As the indenter is forced into the surface of the material, GNDs are required to account for the permanent shape change at the surface. In a manner similar to Nix and Gao (1998) , Swadener et al (2002) calculated the total length of GND loops in spherical indentation as 2πa 3 /(3bR), where b is the Burgers vector. If all GNDs are confined in a hemisphere with the radius equal to the contact radius a Gao 1998, Swadener et al 2002) , the average density of GND ρ G underneath the indenter is given by
wherer is the Nye factor introduced by Arsenlis and Parks (1999) to reflect the effect of crystallography on the distribution of GNDs, andr is around 1.90 for FCC polycrystals (Arsenlis and Parks 1999, Shi et al 2004) . Similar expressions of ρ G have also been obtained by Tymiak et al (2001) and Xue et al (2002) , which all show that the average density of GNDs underneath a spherical indenter is independent of the contact radius a and is inversely proportional to the indenter radius R. For small indenter radius R, the GND density in (3.1) becomes large. In reality the GND density ρ G cannot be very large because of the strong repulsive forces between GNDs, which push dislocations to spread beyond the hemisphere at small indenter tip radius (Swadener et al 2002 , Feng and Nix 2004 . Feng and Nix (2004) The average effective plastic strain underneath a spherical indenter of radius R can be estimated as (Johnson 1970 , Swadener et al 2002 , Xue et al 2002 
where a is the contact radius. By substituting (3.3) and (3.4) into (2.5), we estimate the average flow stress underneath a spherical indenter as
where
is the intrinsic material length, M = 3.06 andr = 1.90. For typical metals, l is on the order of micrometres. The indentation hardness is then related to the flow stress by a constraint factor of 2.8 according to Tabor relation (1951) ,
Equation (3.7) provides a very simple and useful way to estimate the effect of indenter radius R in spherical indentation.
Comparison with experiments
The material in Swadener et al 's (2002) spherical indentation experiment is the FCC metal iridium alloyed with 0.3 pct W and 60 ppm Th. The Young's modulus is E = 540 GPa, the shear modulus is µ = 217 GPa and Poisson's ratio is ν = 0.246. The Burgers vector of iridium is b = 0.271 nm. A true stress-strain curve measured from a uniaxial tension test of the iridium alloy is well represented by the power-law relation σ = 109 + 2739(ε) 0.638 MPa. The tensile stress-strain data beyond the elastic limit can also be fitted by the following relation between stress and plastic strain ε
(4.1) Figure 3 compares the stress-strain curve in (4.1) with the experimental data, and good agreement is observed. Without losing generality, we may take the reference stress σ ref = 2850 MPa, and accordingly the nondimensional function f (ε
N , where N = 0.638 is the plastic work hardening exponent. The coefficient α in the Taylor dislocation model (2.1), which is typically between 0.3 and 0.5, is fixed at α = 1/3. This gives the intrinsic material length l = 3.14µm for iridium. The maximum allowable GND density ρ max G is to be determined. Figure 4 compares the spherical indentation hardness in (3.7) with Swadener et al 's (2002) experimental data for iridium. The radii of spherical indenters are R = 14, 69, 122, 318 and 1600 µm. (The curve for R = 1600 µm is very close to that for 318 µm and is therefore not presented here.) For all indenter radii except the smallest one R = 14 µm, the micro-indentation hardness H = 2.8σ ref f 2 (a/5R) + (l/R) for spherical indenters agrees well with the experimental data without any parameter fitting. The discrepancy at small a/R is due to the neglect of elasticity effect in (3.7). For very small a/R, the deformation underneath the indenter is elastic, i.e. the elastic Hertzian contact between the indenter and iridium. The average contact pressure in elastic contact is proportional to the contact radius a and therefore approaches zero as a → 0. Since the hardness H is defined as the average contact pressure in the present study, H also approaches zero as a → 0. As the indentation depth increases, the deformation underneath the indenter is elastic-plastic, but the effect of elasticity is still significant, which gives experimentally measured hardness smaller than that given by (3.7) at small a/R.
For the smallest indenter R = 14 µm, the micro-indentation hardness in (3.7) would significantly overestimate the indentation hardness. Instead we use the nano-indentation hardness H = 2. is on the same order as, but is somewhat smaller than that reported by Huang et al (2006) for iridium with sharp, conical indenters, which suggests that the maximum allowable GND density depends on not only materials but also the indenter tip geometry (conical versus spherical indenters). The corresponding critical radius separating the nano-and micro-indentation is 39 µm for iridium. Equation (3.7) can be used to estimate the indentation hardness with spherical indenters for both nano-and micro-indentation.
Concluding remarks
We have developed a model for nano-indentation with spherical indenters based on the Taylor dislocation model. It is an extension of Qu et al's (2006) micro-indentation model for spherical indenters to nano-indentation. For relatively large indenters (e.g. radii on the order of 100 µm), the present model degenerates to Qu et al . For small indenters (e.g. radii on the order of 10 µm), the maximum allowable GND density is introduced to cap the GND density such that the latter does not become unrealistically high for small indenters. The present model agrees well with the indentation hardness data of iridium for both nano-and micro-indentation.
